Abstract-This paper numerically validates a simple formula to calculate the aperture efficiency reduction due to grating lobes in planar phased arrays. Array antennas with element spacing greater than one wavelength will produce grating lobes. Grating lobes are not a big problem in most new millimeter-wave applications, except for the fact that they reduce the aperture efficiency and thereby normally the directivity. When the element pattern is known, the simple formula can be used to calculate the aperture efficiency in the presence of grating lobes. The formula is verified by the simulations of a large uniformly excited planar slot array. The agreement is good for both broadside radiation and a phased main beam, even if we use the far field of an isolated slot. Using the far field of the embedded slot element gives almost the same results, except when a grating lobe radiates along the ground plane and the isolated element pattern is nonzero in this direction.
be increased to reduce the conductive losses and there is no problem with the excitation of surface waves, which severely affect common microstrip distribution networks at high frequency [8] . However, the element spacing may become larger than one wavelength to accommodate a corporate distribution network [9] , and this may cause grating lobes. For millimeter waves, the attenuation in the atmosphere is large, so grating lobes are not a serious problem in terms of interference. Still, they cause reduction of the directivity and aperture efficiency, and this is undesired in itself. Therefore, the purpose of this study is to determine the grating lobe levels and their effect on the aperture efficiency.
Large array antennas can be designed as an array of subarrays [10] . Grating lobes will also appear when using subarrays, caused by all types of variations within the subarray (i.e., unit cell) that causes variations along the array of period equal to the period of the subarray, such as uneven distribution of the elements within each subarray, and amplitude and phase variations between the excitations of the elements within each subarray. In [11] , a 2 × 2-cavity-backed slot subarray is used as a directive array element, designed for suppressing grating lobes due to the large 2λ element spacing applied to reduce the losses in the distribution network. Because of odd excitation of the slots due to the higher order mode in the cavity, the grating lobes appeared in the radiation pattern. Reference [12] categorized and demonstrated specific subarray pattern distortions that can cause grating lobes appearance in uniform arrays. Reference [13] shows how dielectric superlayers can be used to reduce the grating lobe level in thinned phase arrays.
In this paper, we make a generic study of grating lobes in a large slot array. A simple formula is presented for aperture efficiency reduction due to the grating lobes (see [14, Ch. 10] ). We numerically verify this simple formula for a uniformly excited 32 × 32-element array of slots in an infinite ground plane. We show that even though the embedded element far-field function is needed to calculate the grating efficiency, the isolated far-field pattern is sufficient except when a grating lobe radiates along the ground plane and the isolated element pattern is nonzero in this direction. However, for this case, there is normally no need to know the accurate gain, only a need to detect the presence of blindness, so in most cases, the isolated element approach also works well enough then.
II. GRATING EFFICIENCY
Traditionally, the antenna aperture efficiency is defined as the ratio between the directivity D of the antenna and the maximum 0018-926X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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The maximum achievable directivity from a large planar antenna aperture is given by the following equation:
where A is the area of the aperture evaluated as the number of elements times the area of the unit cell in the planar arrays. To calculate the aperture efficiency with this formula, we just need to know the directivity of the antenna.
In an array antenna, when the element spacing becomes greater than one wavelength, the first grating lobes are in the visible region for a broadside scan. These grating lobes can lead to antenna directivity reduction. The level of the grating lobes and consequently the directivity reduction depend on the element far-field function and the element or subarray spacing. Therefore, to calculate the aperture efficiency in the presence of grating lobes using (1), the directivity must first be determined. We will here do this by a numerical approach.
A simple formula called "grating efficiency" is presented in [14, Sec. 10.3.5] . The grating efficiency is the reduction in directivity and consequently it is the aperture efficiency due to the power lost in the grating lobes. It is given by the following formula:
The sum is taken over all visible grating and main lobes. In (3), G(θ, φ) is the vector far-field function of the single embedded element, (θ 0 , φ 0 ) is the direction of main beam, and (θ pq , φ pq ) are the directions of the grating lobes. The embedded element far-field function is the far-field function of the whole array when only one element is exited and all the other elements are terminated in the port impedance. This formula is derived under the assumptions of, first, all grating lobes being in the visible region and no grating lobe being at grazing angle, second, the array being large and having a pencil beam, and finally, the edge effects are approximated by assuming that all elements have the same embedded radiation pattern. This is in practice possible by adding a few dummy rows of elements around the excited part of the array. The directions of the grating lobes can be calculated by [14, Sec. 10 
These are grating lobes for p = ±1, ±2, . . . and q = ±1, ±2, . . ., where d x and d y are the element spacing in the x-and y-directions, respectively, and (θ 0 , φ 0 ) is the direction of the main beam. With the simple formula (3) and the knowledge of the radiation pattern of the element, we can analytically estimate the aperture efficiency and therefore the directivity of the array, in the presence of grating lobes. We will also evaluate the accuracy of the grating efficiency formula by comparison with numerical and analytical solutions. 
III. ELEMENT FAR-FIELD FUNCTION
A single half-wavelength slot in an infinite ground plane is used as the array unit cell. It has a well-known far-field function, and therefore we can easily calculate the grating efficiency of the array antenna analytically. Thereby, it represents a clean and pedagogical example. Slots are also often used in practical planar arrays. Fig. 1 shows the slot unit cell geometry. The slot has a length of 0.505λ and a width of 0.067λ (<< λ). It is placed in the xy-plane with the element spacings d x and d y in the x-and y-directions, respectively.
We can find the far-field function of an isolated slot in an infinite ground plane using an equivalent magnetic current source [14, Sec. 5.4.1]
the factor wE 0 is the voltage over the center of slot and G img is the vector far-field function of an incremental magnetic current source. For a y-polarized slot antenna, the latter becomes [14, Sec. 4.4.4]
In (6),
, where k is the wavenumber and finallỹ M (kx ·r) is the Fourier transform of the magnetic current distribution along the slot
By substituting (5) into the grating efficiency formula, we can calculate the aperture efficiency of the slot array, analytically when all elements are excited by the same amplitude and a linearly varying phase to provide the desired main beam direction (θ 0 , φ 0 ).
IV. NUMERICAL AND ANALYTICAL RESULTS
We considered a planar 32 × 32-element slot array with uniform rectangular grid and uniform excitation. The appearances of grating lobes are determined by the element spacing in Eplane and H-plane (y-and x-direction, respectively). When the element spacing is slightly smaller than one wavelength, the first grating lobe starts to appear in the visual region. To verify the accuracy of the presented formula, the numerical and analytical results of the grating efficiency have been compared with the aperture efficiency obtained from full-wave numerical simulations. For our numerical approach, the single element has been simulated in the infinite array environment by applying the Master/Slave boundary condition in HFSS. The waveguide port excitation is used to feed the unit cell. By using this combined with a truncation to 32 × 32 elements (done by HFSS), we obtained the directivity and the far-field function of the 32 × 32 array for different element spacings. Then, the aperture efficiency is calculated using (1). These results are in the graphs marked with " e ap -Numerical." Furthermore, the grating efficiency is calculated by substituting the level of the main beam and grating lobes obtained from the simulated radiation patterns into the grating efficiency formula. These results are marked with " e grt -Numerical."
One advantage of the grating efficiency formula in (3) is that we can calculate the aperture efficiency of a large array in the presence of grating lobes, analytically. For this aim, we need the embedded element pattern. Computing the embedded element pattern is not simple and the unit cell needs to be simulated embedded in its environment. However, we will also show that knowing the isolated element pattern in (5) is a good approximation for most element spacings. These curves are marked " e ap -Analytical."
We will now present the directivity and efficiency results in the presence of grating lobes versus element spacing for different element spacings with the approaches described above.
A. Grating Lobes in E-Plane
In this case, we assumed that grating lobes only appear in E-plane. To satisfy our assumption, the element spacing in H-plane is smaller than one wavelength. The element spacing in E-plane varies from 0.1λ to 10λ, while the element spacing is fixed to d x = 0.67λ in H-plane (x-direction).
The spectrum of grating lobes for this case is shown in Fig. 2 , which shows the grating lobe location in uv-coordinates for an in-phase rectangular grid array. The locations of grating lobes are determined by the element spacing in E-plane (d y ) and the grating lobes inside the unit circle radiate. Fig. 3 shows the simulated directivity for the 32 × 32 slot array and the maximum available directivity of an array with the same size calculated using (2) . When the element spacing is an integer number of wavelengths (d y /λ = 1, 2, 3, . . .) , two new grating lobes (one on each side of the broadside main beam) start to appear in the visual region, and therefore the array directivity drops severely. This is because the beamwidth of the grating lobes is much wider than the beamwidth of the broadside main beam, when the grating lobe appears along the ground plane of the array. Furthermore, they are not suppressed by the element patterns, which is almost uniform in E-plane.
The normalized grating lobe levels obtained by HFSS are in Fig. 4 compared with the levels based on the analytical model for the far-field function of an isolated slot in (5) . When the element spacing is an integer number of wavelengths, new grating lobes appear in the visual region. According to (5)-(7), the isolated element pattern of the slot is almost uniform in Eplane. Therefore, the normalized analytical grating lobe level is equal to one for all grating lobes. The analytical and simulated grating lobe levels show good agreement with each other except when there are grating lobe directions near to the endfire directions (along the ground plane). The reason for this difference is that we used the isolated element pattern instead of the embedded element pattern. According to this figure, the isolated element pattern is quite accurate for calculating the grating lobe level except when there are grating lobes radiating along the ground plane. Fig. 5 shows a comparison between the isolated and embedded element patterns in E-plane. Because of the high mutual coupling between slots in E-plane, the isolated and embedded patterns are very different. Furthermore, the embedded element pattern change when the element spacing changes. As mentioned before, computing the embedded element pattern is difficult, but as shown in Fig. 4 , the isolated element pattern can be used to calculate the grating efficiency with good accuracy except for main beam directions at which grating lobes suddenly appear along the array. These are the directions corresponding to the dips in the embedded element patterns, i.e., directions associated with blindness. However, the grating efficiency predicts these blind directions, and that is what is important. We do not need to know the directivity accurately in these blind directions.
The results for the three different evaluations of the aperture efficiency are shown in Fig. 6 . It is worth mentioning that the grating efficiency results are not reliable when the element spacing is an integer number of wavelengths, because there exist grating lobes along the ground plane with only one half of the lobes being in visible space. Thus, there is a transition region around these integer values of element spacing, corresponding to the grating lobes changing from being evanescent to propagating. The extent of this transition region is ±λ/(32d y ) for our 32 × 32 element array. 
B. Grating Lobes in H-Plane
Now, we assume that grating lobes only appear in H-plane. The element spacing in H-plane varies from 0.6λ to 10λ, and the element spacing is fixed to d y = 0.67λ in E-plane, contrary to our assumptions in Section IV-A. The spectrum of grating lobes for this case is shown in Fig. 7 . Fig. 8 illustrates the simulated directivity of the 32 × 32 slot array versus element spacing in H-plane. The isolated slot farfield function in H-plane becomes by inserting (6) and (7) into (5), for φ = 0
where C is a constant. This pattern is zero along the ground plane (theta = ±90 • ), so that the grating lobes are suppressed when they appear in visible space. Therefore, the transition to visible space is very smooth, so that sudden directivity reduction due to grating lobes is avoided. Fig. 9 shows the simulated and analytical normalized grating lobe levels. The analytical grating lobe level is obtained using (8) in (3) . The analytical and simulated grating lobe levels have a very good agreement in spite of the fact that the analytical grating lobe levels are calculated using the isolated element pattern instead of the embedded element pattern. The H-plane isolated and embedded element patterns are shown in Fig. 10 . The isolated and embedded patterns are more similar to each other than the patterns in E-plane because of the smaller mutual coupling in H-plane. Figs. 4 and 8 show that it is a quite good approximation to use the isolated element pattern instead of the embedded element pattern when calculating the grating lobe levels. Fig. 11 shows the corresponding aperture efficiencies. Now, we use (8) as the far-field function of the unit cell. The aperture efficiency does not drop dramatically when the element spacing is a fraction of the wavelength (d x /λ = 1, 2, 3, . . .) , because the grating lobe levels appearing at grazing angle vanish due to the element pattern. The simulated and analytical results are in very good agreement. Fig. 12 illustrates the general spectrum of grating lobes for an array with rectangular grid and equal element spacing. In this case, we consider equal element spacings in E-and H-planes. The numerical aperture efficiency obtained from the simulated directivity is compared with the analytical grating efficiency in Fig. 13 . We see that the grating efficiency formula works very well even for this complex case. The grating efficiency can predict the aperture efficiency reduction due to the grating lobe. 
C. Grating Lobes in All Planes

D. Grating Efficiency for Beam-Steered Array
Beam scanning is widely used with array antennas. This can cause undesirable grating lobes even when the element spacing is smaller than one wavelength. The directivity of array antenna decreases with cos θ 0 when the main beam is steered an angle θ 0 from broadside. This is due to the projection of the aperture into the observation direction [14] . Therefore, the grating efficiency in (3) is multiplied by the cos θ 0 projection factor when comparing with the numerical simulations. Fig. 14 shows the aperture efficiency obtained from the simulated directivity and the grating efficiencies calculated both by the numerical and analytical approaches, when the main beam is steered in E-plane. In this figure, the element spacing in E-plane varies from 0.1λ to 10λ, while the element spacing is fixed to d x = 0.67λ in H-plane, similar to Section IV-A. The corresponding aperture efficiencies for steering the beam in H-plane with a similar configuration as Section IV-B is also shown in Fig. 15 . Thus, the grating efficiency can predict the aperture efficiency reduction due to the grating lobe also in a phase-steered array.
V. CONCLUSION
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